This paper is concerned with some important properties of r-polynomials in Hecke algebras with unequal parameters . In chapter one, we briefly introduce some conceptions in Coxeter group W and some notations in Hecke algebra H. In chapter two, we give some important properties of some r-polynomials which satisfy r y,w =
Introduction
Let (W, S) be a Coxeter system(see [1] ), For the generators set S, we say the group W is of rank |S|, and call any order product of some elements in S is a Coxeter element(see [2] ) of W . Definition 1.1.1(see [1] ) Let w = s 1 s 2 · · · s r ∈ W be any expression with s i ∈ S for 1 ≤ i ≤ r. Define the length function l(w) to be the smallest r for which such a expression exists, and we call the expression reduced. Note that the reduced expression of w is not necessary uniquely determined. Let "≤" be the Bruhat ordering in W , equivalently y ≤ w for y, w ∈ W if and only if y is a subexpression of any reduced expression of w, which is clearly a partial order in W . In particular, let W be the dihedral group D m , for any y, w ∈ W , we can get that y < w if and only if l(y) < l(w). Moreover, if D m = s, t with m < ∞, we denote P rod (s, t; n) = sts · · · , which has n factors with n ≥ 0.
Note that L is determined by its values L(s) on S which are subject only to the condition that L(s) = L(s ) for any s = s in S such that m s,s is finite and odd. It is clear that
Definition 1.1.4(see [3] ) Let H be the A − algebra with 1 defined by the generators T s (s ∈ S) and relations: For all s ∈ S, we can see that the element T s is invertible in H by (a), and have T
s ). By (b) and Matsumoto's theorem(see [4] ), we have T w is independent of the choices of a reduced expression of w. Moreover, if w = s 1 s 2 · · · s q ∈ W is a reduced expression, then T Proposition 1.1.7(see [3] ) For any w ∈ W , we can write uniquelyT w = y∈Wr y,w T y , where r y,w ∈ A are zero for all but finitely many y. In particular, r w,w = 1 for all w ∈ W , while r y,w = 0 unless y ≤ w for y, w ∈ W.
Proposition 1.1.8(see [3] ) Let w ∈ W and s ∈ S be such that sw < w. For any y ∈ W , we have It is sometimes useful to have alternate versions of (1) and (2), with s occuring on the right hand, rather than the left. For the right-handed version, we have the similar relations as follows: (3) if y < w, ys < y, ws < w (forcing ys < ws), then r y,w = r ys,ws ; (4) if y < w, y < ys (forcing ys ≤ w and y ≤ wy ), then r y,w = r ys,ws + (v s − v −1 s )r y,ws . Now we consider a special case: l(w) − l(y) = 1. Let w = s 1 s 2 · · · s r be a reduced expression, we can take y by omitting a single s i with 1 ≤ i ≤ r. Consider the ith position of s i with 3 cases. If i = 1, taking y = s 2 s 3 · · · s r , we can get r y,w = r 1,
by (1) and (3). So, for any 1 ≤ i ≤ r, we can get the conclusion r y,w = v
Similarly for another special case: l(w) − l(y) = 2. we can get that r y,w = (
However, if l(w) − l(y) ≥ 3, the r-polynomials are rapidly become less manageable, because of the more complicated possibilities for subexpressions when more than two factors are omitted. For example, when W is of the type B 3 , let y = 1 and w = s 1 s 2 s 1 in W , we can get that r y,w = (
2. some properties of r-polynomials Proposition 2.1 Let S = {s 1 , s 2 , · · · , s n }, and J be the set consisting of all the Coxeter elements of W I for all I ⊆ S . For w = s 1 s 2 · · · s r we have
Since s i = s j for any 1 ≤ i < j ≤ k + 1, it implies that s 1 is not the subexpression of s 2 · · · s k+1 , we can get
On the other hand, by induction, we get
Finally ,we obtain
). Hence,
So we can get r s 1 ,s 2 ···sr = 0 by using
is not a subexpression of s 2 · · · s r , we have s 1 = s i for any 2 < i ≤ r. By the same argument, we can obtain s m = s n for any 2 < m < n ≤ r. Hence, we can have s i = s j and so on for any 1 ≤ i < j ≤ r, so w is a Coxeter element of W I for some I ⊆ S. ie. w ∈ J. Corollary 2.2 Let S = {s 1 , s 2 , · · · , s n }, and J be the set consisting of all the Coxeter elements of W I for all I ⊆ S. Finding w 1 ∈ W and w =
Proof. According to Proposition 2.1 and (1), it is obvious that r w 1 ,
Proposition 2.3 Let S = {s 1 , s 2 , · · · , s n }, and let J be the set consisting of all the Coxeter elements of W I for all I ⊆ S with |I| ≥ 3. Assume that w = s i 2 · · · s i 1 · · · s ir for w ∈ J, then we have
Proof. We argue it by induction on l(w), starting with the fact l(w) = 3. So,
Consider the case l(w) > 3, we can find s = s i 2 such that sw < w while sy > y. w has two possibilities: 
Combing these, we get that 
Combining these, we have
as required. 
as required.
Corollary 2.5 Let S = {s 1 , s 2 , · · · , s n }, and J be the set consisting of all the Coxeter elements of W I for all I ⊆ S, for any w = s i 1 · · · s ir , (a) Assume that there exists s = s i j such that sw > w(resp. ws > w), ). Combining these, we compute ] + 1 when r is even, and 1 < m ≤ [ 
Assume that m = k, where 1 < k ≤ [
] + 1 when r is even, and
] when r is odd, the case (b) holds. Now m = k + 1, so 
) . Hence
ie. t ; l(w) − l(y) ). Proof. It is clear that we just need to consider these two cases as follows: Case (1). y = 1 and w = sts · · · (resp. w = tst · · · ) with l(w) ≥ 3. Then we have r 1,w = r s,ts··· + (v s − v −1 s )r 1,ts··· . It is obvious r s,ts··· = 0, forcing r s, ts··· is a factor of some term in r 1,w . Hence,r y,w = P rod (v s − v 
